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§1. 𝐼𝑛𝑡𝑟𝑜𝑑𝑢𝑐𝑡𝑖𝑜𝑛 𝑎𝑛𝑑 𝑠𝑢𝑚𝑚𝑎𝑟𝑦 
In this paper we prove two propositions concerning: 
i) the representations of rational numbers as the product of two 
rational factors; 
ii) the related properties of elliptic curves such that the cubic has 
rational roots.  
The first proposition (Iso-additive Representations Theorem, shortly 
IRT) states that any pair (𝑚, 𝑛) of non-zero and distinct rational numbers 
may have, at most, four representations  𝑚 = 𝑚1𝑚2 and  𝑛 = 𝑛1𝑛2  such that  
𝑚1 +𝑚2 = 𝑛1 + 𝑛2 where  𝑚1,𝑚2, 𝑛1,𝑛2 ∈ ℚ≠0 and 𝑚1𝑚2 ≠ 𝑛1𝑛2 (Iso-additive 
Representations, shortly IR).  
Here we consider only the representations essentially different, i.e. 
we count only once the two representations of the same number that differs 
only for the order in which its factors are written; instead, we keep 
distinct the two representations of the same number such that one is 
obtained on the other by changing the sign of both factors1.  
 Although these representations do not seem to ever been studied, they 
are implicitly involved in many problems of number theory. For example,  
i) if 𝑚  and  𝑛  are natural strictly positive numbers such that 𝑛 =
𝑚 + 2, then the pair (𝑚,− 𝑛) has the IR 𝑚 = 1 ×𝑚 and −𝑛 = −1 × 𝑛 such 
that the sum of factors is 𝑚 + 1;  therefore, the twin primes 
conjecture can be restated as follows: if 𝑚  and  𝑛  are natural 
distinct primes then there are infinitely many pairs of the type 
(𝑚, − 𝑛) having an IR;  
ii) let (𝑎, 𝑏, 𝑐)  a Pythagorean triple such that 𝑎2 + 𝑏2 = 𝑐2 and  𝑎 = 2𝑝𝑞,
𝑏 = 𝑝2 − 𝑞2, 𝑐 = 𝑝2 + 𝑞2 its primitive representation; then 
- each pair (𝑎2, 𝑏2),   (𝑎2, 𝑐2) and (𝑏, 𝑐2) has the IR 𝑎2 = (2𝑝2) × (2𝑞2), 
𝑏2 = (𝑝 + 𝑞)2 × (𝑝 − 𝑞)2 and 𝑐2 = (𝑝2 + 𝑞2) × (𝑝2 + 𝑞2) such that the sums 
of factors is always 2(𝑝2 + 𝑞2),  
                                                          
1 For example, let 𝑚 = 30   and 𝑛 = 42. The pair (30, 42) has the following IR: 
- 30 = 3 × 10 = (−3) × (−10) and 42 = 6 × 7 = (−6) × (−7), 
- 30 = 2 × 15 = (−2) × (−15) and 42 = 3 × 14 = (−3) × (−14) 
such that the sum of factors is respectively ±13 and ±17. The IRT ensures that there are 
no other representations of this type. Unlike our example, the proof of the existence of 
two (or four) IR could in general be a prohibitive undertaking by means of a direct 
calculation. Indeed, any integer (or rational) number has infinitely many representations 
as a product of two rational factors or as a product of an integer and a rational factor. 
To find a pair of integers having four IR as a product of two integer is a lucky case. 
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- the pairs (𝑎2, −𝑏2) and (−𝑎2, 𝑏2) have an IR:  𝑎2 = (2𝑝𝑞) × (2𝑝𝑞) and 
−𝑏2 = (𝑝 + 𝑞)2 × (−(𝑝 − 𝑞)2) in the former case, −𝑎2 = (2𝑝2) × (−2𝑞2) and 
𝑏2 = (𝑝2 − 𝑞2) × (𝑝2 − 𝑞2) in the latter; here the sums of factors 
are, respectively, 4𝑝𝑞 and 2(𝑝2 + 𝑞2)2;  
iii) let 𝑝 = 2𝑚 + 1 and 𝑞 = 2𝑛 + 1 distinct odd primes; as a consequence 
of Fermat Theorem there are two strictly positive integers 𝑘 and 
ℎ  such that 1 − 𝑥2𝑚 = −𝑘𝑝 and 1 − 𝑥2𝑛 = −ℎ𝑞3; then, for any pair of 
odd primes (𝑝, 𝑞) there is a pair (−𝑘𝑝,−ℎ𝑞) having an IR such that 
the sum of factors is two: −𝑘𝑝 = (1 + 𝑥𝑚) × (1 − 𝑥𝑚) and −ℎ𝑞 = (1 +
𝑥𝑛) × (1 − 𝑥𝑛). 
In Ch. 2 we give a constructive proof which requires only elementary 
techniques. Namely, we prove that that for every pair (𝑚, 𝑛) of non-zero and 
distinct rational numbers the equation 
(*)  𝑋 +
𝑚
𝑋
= 𝑌 +
𝑛
𝑌
 
has at most a finite number of rational solutions4; we also give the 
parametric formulas of any pair (𝑚, 𝑛)  having at least one IR, as well the 
formulas of their factors. 
Solving this equation in rational (or integer) numbers is a typical 
Diophantine problem, that can be stated in rhetorical form in several 
equivalent ways; for example (in brackets the corresponding Diophantine 
equation to be solved):   
i) “find two numbers such that their ratio is equal to the ratio 
between their product diminished by a given number, and their 
product diminished by another given number” (
𝑋
𝑌
=
𝑋𝑌−𝑚
𝑋𝑌−𝑛
);  
ii) “find two numbers such that the ratio between the first and the 
second is equal to the ratio between the square of the first 
increased by a given number, and the square of the second increased 
by another given number” (
𝑋
𝑌
=
𝑋2+𝑚
𝑌2+𝑛
).  
                                                          
2 Since −𝑎2 = −𝑎 × 𝑎, −𝑏2 = −𝑏 × 𝑏 and −𝑐2 = −𝑐 × 𝑐, also the pairs (−𝑎2, −𝑏2),   (−𝑎2, −𝑐2) and (−𝑏2, −𝑐2) 
have an IR such that the sum of factors is zero; however, this property holds for any 
triple of integers (or rational) numbers and not only for the Pytagorean ones. 
 
3 Davenport, pp. 35-37. 
 
4 In the following the Latin capital letters indicate variables while the lowercase letters 
indicate the parameters. 
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Here the "two numbers" to be "find" are the unknowns 𝑋 and 𝑌, the 
"given numbers" are 𝑚 and 𝑛 and both equation above are obtained 
manipulating the equation (*)5.   
No one should be surprised of finding these problems ever in the 
Arithmetica of Diophantus and/or in the works of Fermat and Bachet; 
however, in these works there seems to be no reference to them6; on the 
other hand, nobody seems to have studied the equation  𝑋 +
𝑚
𝑋
= 𝑌 +
𝑛
𝑌
. 
The second proposition (Iso-additive Rational Points Theorem, shortly 
IRPT) immediately follows from the first and concerns the rational points 
of the elliptic curve 𝐸:    𝑊2 = 𝑈(𝑈 −𝑚)(𝑈 − 𝑛),  where   𝑚 ≠ 𝑛 ∈ ℚ≠0
7.  
In Ch. 3 we show  (Iso-additive Rational Points Theorem, shortly 
IRPT) that if the equation (*) has a rational solution  𝑝 = ( 𝑥,   𝑦)  for the 
variables  𝑋 and 𝑌  where 𝑥 ≠ 𝑦 ∈ ℚ≠0 - i.e. the pair (𝑚, 𝑛) has at least the 
IR 𝑚 = 𝑥 ∙
𝑚
𝑥
 and 𝑦 = 𝑦 ∙  
𝑛
𝑦
 such that 𝑥 +
𝑚
𝑥
= 𝑦 + 
𝑛
𝑦
,  or equivalently 
𝑚
𝑥
− 𝑦 =
𝑛
𝑦
− 𝑥 - 
then [(
𝑚
𝑥
− 𝑦)𝑥𝑦]
2
= 𝑥𝑦(𝑥𝑦 −𝑚)(𝑥𝑦 − 𝑛). 
Therefore, by the transformation  𝑋𝑌 ⟶ 𝑈 and  (
𝑚
𝑋
− 𝑌)𝑋𝑌 → 𝑊, or 
equivalently (
𝑛
𝑌
− 𝑋)𝑋𝑌 → 𝑊, to any solution 𝑝 = ( 𝑥,   𝑦) of the equation (*)       
corresponds on 𝐸 a rational point 𝑃 = (𝑢,𝑤), where 𝑢 = 𝑥𝑦 and  𝑤 = (
𝑚
𝑥
− 𝑦)𝑥𝑦. 
This transformation defines a map from the set, say Γ(𝑚, 𝑛),  whose 
elements are the rational solution of the equation (*) and a set, say 
Ω(𝑚, 𝑛) which is a sub-set of the group of rational points on 𝐸 and, as a 
consequence of IRT,  may have up to sixteen distinct elements; under some 
conditions these points are of finite order and can be computed using the 
explicit formulas given in Ch. 3, instead of ordinary methods based on 
Nagell-Lutz Theorem. 
The family of elliptic curves such that the non-zero roots of the 
cubic have at least an IR includes some interesting members, for example: 
i) the curve 𝑊2 = 𝑈(𝑈 − 1)(𝑈 + 3). It has only eight rational point 
which are of finite order; it implies that there is no 
arithmetic sequence {𝑎1, 𝑎2, 𝑎3, 𝑎4} such that all terms are distinct 
                                                          
5
 These problems are equivalent to a third that can be stated as follows (in brackets the 
corresponding system of two Diophantine equation to be solved): “find three squares such 
that the first diminished by the second is a given number and the first diminished by the 
third is another given number” (𝑇2 − 𝑅2 = 𝑚 and 𝑇2 − 𝑆2 = 𝑛) 5. Here the "three numbers" to be 
"find" are the unknowns 𝑅, 𝑆 and 𝑇 and the “given numbers” are still 𝑚 e 𝑛 (see note 8). 
6  De Fermat.  
7 Here we use the letters 𝑈 and 𝑊, rather than the standard ones (𝑋 and 𝑌) for distinguish 
this curve from the equation (*). The assumption 𝑚 ≠  𝑛 ∈ ℚ≠0 ensures that: i) the curve is 
non-singular; ii) also the coefficients of the cubic are rational. 
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rational squares. Note that the roots of the cubic have the IR  
1 = 1 × 1 and −3 = −1 × 3 such that the sum of factors is two; as 
we will show, IRT and IRPT give the explicit formulas for 
computing all the torsion points without computing the divisors 
of discriminant and check if they are the 𝑋-coordinates of some 
rational point on the elliptic curve; 
ii) the curve 𝑊2 = 𝑈(𝑈 −𝑚3)(𝑈 − 𝑛3) such that 𝑚3 = 𝑚1
3 𝑚2
3, 𝑛3 =  𝑛1
3 𝑛2
3 and 
𝑚1
3 +  𝑚2
3  =  𝑛1
3 +  𝑛2
3. It is well-known that there are infinitely 
many rational 4-tuple (𝑚1
3,  𝑚2
3,  𝑛1
3,  𝑛2
3) such that 𝑚1
3 +  𝑚2
3 =  𝑛1
3 +  𝑛2
3, 
representable by the formulas of Euler-Binet8; then, there are 
infinitely many pairs of cubes of the type 𝑚3 = 𝑚1
3 𝑚2
3  and 
𝑛3 =  𝑛1
3 𝑛2
3 having at least one IR; for example 903 = 93 ∙ 103 and 
123 = 13 ∙ 123. The sum of cubic factors of these numbers coincides 
with a famous number (𝑡𝑎𝑥𝑖𝑐𝑎𝑏 1729);   
iii) the special case of the Frey curve 𝑊2 = 𝑈(𝑈 −𝑚2𝑘)(𝑈 + 𝑛2𝑘). If the 
identity 𝑚2𝑘 + 𝑛2𝑘 = 𝑙2𝑘 were true for some integer 𝑚, 𝑛, 𝑘 > 09, then 
the two non-zero roots of the cubic would have the IR 𝑚2𝑘 = 𝑚𝑘 ∙
𝑚𝑘 and -𝑛2𝑘 = (𝑚𝑘 + 𝑙𝑘) ∙ (𝑚𝑘 − 𝑙𝑘) such that the sum of factors is 
2𝑚𝑘. We discuss some implications if this fact in Ch. 3. 
 
§2  𝑇ℎ𝑒 𝐼𝑠𝑜 − 𝑎𝑑𝑑𝑖𝑡𝑖𝑣𝑒 𝑅𝑒𝑝𝑟𝑒𝑠𝑒𝑛𝑡𝑎𝑡𝑖𝑜𝑛𝑠 𝑇ℎ𝑒𝑜𝑟𝑒𝑚 
For every 𝑚 ≠  𝑛 ∈ ℚ≠0 let 𝜌(𝑚, 𝑛) the number of IR essentially different 
(as defined in note 2). Since 𝑚1 +𝑚2 = 𝑛1 + 𝑛2  ⟹ (−𝑚1) + (−𝑚2) = (−𝑛1) + (−𝑛2), 
 𝜌(𝑚, 𝑛) is zero or even and the IRT formally asserts:  
𝑇ℎ𝑒𝑜𝑟𝑒𝑚 1 (𝐼𝑠𝑜 − 𝑎𝑑𝑑𝑖𝑡𝑖𝑣𝑒 𝑅𝑒𝑝𝑟𝑒𝑠𝑒𝑛𝑡𝑎𝑡𝑖𝑜𝑛 𝑇ℎ𝑒𝑜𝑟𝑒𝑚 − 𝐼𝑅𝑇)  ∀ 𝑚 ≠  𝑛 ∈ ℚ≠0,    𝜌(𝑚, 𝑛) ∈ {0, 2, 4}. 
Proof. We deduce the IRT from the properties of the set, say  Γ, of rational 
(non-trivial) solutions of the equation 
[1] 𝑋 +
𝑀
𝑋
= 𝑌 +
𝑁
𝑌
 
Clearly this equation has infinitely many rational solutions; indeed,   
if we set 𝑋 = 𝑥  and 𝑌 = 𝑦 where  𝑥, 𝑦 ∈ ℚ≠0, then the set of rational solutions 
for the variables 𝑀 and 𝑁 is the rational line 𝑁 = 𝑦(𝑥 − 𝑦)  +
𝑦
𝑥
𝑀 so that, 
for arbitrary 𝑀 = 𝑚,  there are infinite 4-tuple 𝑝 = (𝑥,   𝑦,   𝑚, 𝑛), where  𝑛 =
𝑦(𝑥 − 𝑦) +
𝑦
𝑥
𝑚,  satisfying the equation [1] for the variables  𝑋, 𝑌,𝑀,𝑁. Thus, 
there are infinitely many pairs (𝑚, 𝑛) having an IR. 
                                                          
8 Hardy, Wright, pp. 257-260 
9 Of course, these curves exist only for 𝑘 = 1 and in Ch. 3 we will show its properties. 
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On the other hand, if we set 𝑀 = 𝑁 = 𝑎 and  𝑋 = 𝑌 = 𝑏 , where 𝑏 ≠ 0, the 
equation [1] has infinitely many trivial solution 𝑝 = (𝑏,   𝑏,   𝑎,   𝑎) for the 
variables  𝑋, 𝑌,𝑀,𝑁, reflecting the fact that two equal numbers have the 
same (infinitely many) representations.  
But our goal is to find what happens for fixed 𝑀 = 𝑚 and 𝑁 = 𝑛, when 
𝑚 ≠  𝑛 ∈ ℚ≠0 and to prove that, for every fixed pair (𝑚, 𝑛) of non-zero 
distinct rational numbers, the number of essentially different solutions 
is at most four.  
Then let Γ(𝑚, 𝑛) ⊂ Γ the sub-set of solutions of [1] such that 𝑀 =
𝑚  and 𝑁 = 𝑛, corresponding to the set of solutions of the equation 
[2] 𝑋 +
𝑚
𝑋
= 𝑌 +
𝑛
𝑌
.  
Consequently Γ = ⋃ Γ(𝑚, 𝑛)𝑚≠𝑛∈ℚ≠0  and for given 𝑚 and 𝑛 two cases may 
occur:  
i) Γ(𝑚, 𝑛) = ∅ ; the equation  𝑋 +
𝑚
𝑋
= 𝑌 +
𝑛
𝑌
  has not rational solutions 
and  𝑚 and 𝑛 have no IR; 
ii) Γ(𝑚, 𝑛) ≠ ∅ ; the equation  𝑋 +
𝑚
𝑋
− (𝑌 +
𝑁
𝑌
) = 0 has at least one rational 
solution; then  Γ(𝑚, 𝑛) contains at least a pair 𝑝1 = ( 𝑥, 𝑦), 𝑥 ≠ 𝑦 ∈
ℚ≠0,   whose elements satisfy [2] respectively for the variables 𝑋 
and  𝑌 so that    𝑚 and 𝑛 have the IR 𝑚 = 𝑥 ∙
𝑚
𝑥
 and   𝑛 = 𝑦 ∙
𝑛
𝑦
 such that 
𝑥 +
𝑚
𝑥
= 𝑦 +
𝑛
𝑦
. 
 
In former case, Γ(𝑚, 𝑛) must contain in addition to 𝑝1 any other pair 
that can be obtained from 𝑝1 by substituting  
i) 𝑥 and/or 𝑦 with their cofactors (respectively 
𝑚
𝑥
 and 
𝑛
𝑦
), 
ii) both the factors of 𝑚 e 𝑛 that appear in 𝑝1 - as well as in the 
pairs derived from 𝑝1 through the substitutions defined in point 
i) - with their opposites10. 
                                                          
10 Note that   ∀ 𝑚 ≠  𝑛 ∈ ℚ≠0  𝜌(𝑚, 𝑛) > 0  if, and only if, 𝑚 and 𝑛 are of the type 𝑚 = 𝑡
2 − 𝑟2  and 
𝑛 = 𝑡2 − 𝑠2, where 𝑡 ∈ ℚ and 𝑟 ≠ 𝑠 ∈ ℚ. The first part of this statement is very easy to prove 
since 𝑚 and 𝑛 have the obvious IR 𝑚 = (𝑡 + 𝑟)(𝑡 − 𝑟)  and 𝑛 = (𝑡 + 𝑠)(𝑡 − 𝑠) such that the sum of 
factors is 2𝑡. On the other hand, if 𝑝 = (𝑚, 𝑛, 𝑥, 𝑦)   is a non-trivial rational point on 𝑋 +
𝑀
𝑋
=
𝑌 +
𝑁
𝑌
 then the identities 𝑚 = 𝑥(𝑧 − 𝑥) and 𝑛 = 𝑦(𝑧 − 𝑦) hold, where 𝑧 = 𝑥 +
𝑚
𝑥
(= 𝑦 +
𝑛
𝑦
) and 𝑥 ≠ 𝑦. By 
applying the formula 𝑢𝑤 = (
𝑢+𝑤
2
)
2
− (
𝑢−𝑤
2
)
2
, we can represent 𝑚 and 𝑛 as a function of 𝑥, 𝑦 and 
𝑧 in the following way: 𝑚 = (
𝑧
2
)
2
− (
𝑧−2𝑥
2
)
2
, 𝑛 = (
𝑧
2
)
2
− (
𝑧−2𝑦
2
)
2
. Thus, if we set 𝑡 =
𝑧
2
, 𝑟 =  
𝑧−2𝑥
2
 and 
𝑠 =
𝑧−2𝑦
2
, also the second part of the statement is proved∎. This is the basis for solving 
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Let 𝓅(𝑚, 𝑛) = {±𝑝𝑗 ,   𝑗 = 1,2,3,4} ⊆ Γ(𝑚, 𝑛)  the sub-set of these pairs11: 
   𝑝1 = (𝑥, 𝑦) ,     − 𝑝1 = (− 𝑥, −𝑦), 
 𝑝2 = ( 𝑥,
𝑛
𝑦
),  −𝑝2 = (−𝑥,−
𝑛
𝑦
), 
 𝑝3 = (
𝑚
𝑥
, 𝑦),  −𝑝3 = (− 
𝑚
𝑥
, −𝑦), 
 𝑝4 = (
𝑚
𝑥
,
𝑛
𝑦
),  −𝑝4 = (− 
𝑚
𝑥
, −
𝑛
𝑦
) 
If there was a further point 𝑞1 = (𝑥
′, 𝑦′) ∈ Γ(𝑚, 𝑛) such that  𝑥′ ≠ 𝑦′, 𝑥 ≠
𝑥′ and 𝑦 ≠  𝑦′ then, as before, Γ(𝑚, 𝑛) should contain, in addition to 𝑞1, any 
other pair that can be obtained from 𝑞1 through the substitutions defined 
above, i.e. all the pairs of the sub-set 𝓆(𝑚, 𝑛) = {±𝑞𝑗,   𝑗 = 1,2,3,4} where 
𝑞1 = ( 𝑥′, 𝑦′) ,     − 𝑞1 = (− 𝑥′,−𝑦′), 
𝑞2 = (𝑥′,
𝑛
𝑦′
),  −𝑞2 = (−𝑥′,−
𝑛
𝑦′′
), 
𝑞3 = ( 
𝑚
𝑥′
, 𝑦′),  −𝑞3 = (− 
𝑚
𝑥′
, −𝑦′), 
𝑞4 = ( 
𝑚
𝑥′
,
𝑛
𝑦′
),  −𝑞4 = (− 
𝑚
𝑥′
, −
𝑛
𝑦′
) 
In principle,  there could be other pairs, say  𝑟1 = ( 𝑥
′′, 𝑦′′), 𝑠1 =
( 𝑥′′′, 𝑦′′′),…, satisfying the equation [1] which in turn generate respectively 
the sub-sets 𝓇(𝑚, 𝑛), 𝓈(𝑚, 𝑛), …. However, only one pair of 𝓅(𝑚, 𝑛), 𝓆(𝑚, 𝑛), 𝓇(𝑚, 𝑛),
𝓈(𝑚, 𝑛), … is relevant for computing 𝜌(𝑚, 𝑛); the others are not essentially 
different because obtained from these pairs simply by switching any factor 
with its cofactor12.  
Thus, we can arbitrarily chose the pair (𝑝1, −𝑝1) from 𝓅(𝑚, 𝑛), the 
pair (𝑞1, −𝑞1) from 𝓆(𝑚, 𝑛),… to form the sub-set Γ0(𝑚, 𝑛) ⊆ Γ(𝑚, 𝑛)  whose elements 
are the solutions essentially different of the equation [2]. 
                                                          
the third Diophantine problem stated in Ch. 1 (see note 4) and for an alternative proof of 
IRT. 
11 In general #𝓅 = 8; sometimes, however, the elements of 𝓅 are two-by-two coinciding; this 
occurs when 𝑥 and/or 𝑦 coincide with the respective cofactors, that is when  𝑥 =
𝑚
𝑥
 (⟹ 𝑝1 = 𝑝3,
𝑝2 = 𝑝4 and 𝑚 = 𝑥
2) and/or 𝑦 =
𝑛
𝑦 
 (⟹ 𝑝1 = 𝑝2, 𝑝3 = 𝑝4 and 𝑛 = 𝑦
2); in this case #𝓅 = 4; the simplest 
numerical example is the pair (3, 4); a more general case is given by the pairs of the 
type (−𝑚2, −𝑛2). 
 
12 However, in Ch 3. we will show all elements of 𝓅(𝑚 , 𝑛) and eventually 𝓆(𝑚, 𝑛)  - not only 
the pairs (𝑝1, −𝑝1) and eventually  (𝑞1, −𝑞1) - are relevant because there is a map 𝓅(𝑚, 𝑛) →
𝒫(𝑚, 𝑛) and eventually 𝓆(𝑚, 𝑛) → 𝒬(𝑚, 𝑛), where 𝒫(𝑚, 𝑛) and 𝒬(𝑚, 𝑛) are in general distinct sub-
sets of 𝐸(ℚ) the set of rational point on the curve  𝑊2 = 𝑈(𝑈 −𝑚)(𝑈 − 𝑛), where   𝑚 ≠ 𝑛 ∈ ℚ≠0. 
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Since from the definition 𝜌(𝑚, 𝑛) ≡ #Γ0(𝑚, 𝑛) the IRT can be restated as 
follows: 
if Γ0(𝑚, 𝑛) ≠ ∅ (i.e. #Γ0(𝑚, 𝑛) ≠ 0) then 
i) either  Γ0(𝑚, 𝑛) = {𝑝1, −𝑝1} so that #Γ0(𝑚, 𝑛) = 2 
ii) or, at most, Γ0(𝑚, 𝑛) = {𝑝1, −𝑝1, 𝑞1, −𝑞1} so that #Γ0(𝑚, 𝑛) = 4. 
Now rewrite the equation [1] as follows  
[3] 𝑋𝑌2 − (𝑋2  + 𝑀)𝑌 + 𝑁𝑋 = 0  
By applying elementary techniques we will obtain the parametric 
formulas for all non-trivial solutions of the equation [3](i.e. the 
elements of Γ); this allows us to characterize any sub-set Γ(𝑚, 𝑛) ⊂ Γ and 
Γ0(𝑚, 𝑛) ⊂ Γ(𝑚, 𝑛) for every pair (𝑚, 𝑛) where 𝑚 ≠  𝑛 ∈ ℚ≠0.  
Now the equation [3] can be treated as a polynomial equation of degree 
two in 𝑌, with rational coefficient 𝑋, −(𝑋2  + 𝑀), 𝑁𝑋, roots 
1
2𝑋
(𝑋2 +𝑀 ±√∆𝑌) 
and discriminant 𝐷𝑌 = 𝑋
4 + 2(𝑀 − 2𝑁)𝑋2 +𝑀2.  
Therefore, the rational solutions of [3] coincides with rational 
points on the algebraic curve  
[4]    𝑌 =
1
2𝑋
(𝑋2 +𝑀 ±√𝐷𝑌) 
and the necessary and sufficient condition for the existence of points of 
this type is 𝐷𝑌 = 𝑇
2, or equivalently  𝐷𝑌 − 𝑇
2 = 0, so that the [4] becomes 
[5]   𝑌 =
1
2𝑋
(𝑋2 +𝑀 ± 𝑇) 
Now 𝐷𝑌 − 𝑇
2 = 0 is equivalent to 
[6] 𝑋4 + 2(𝑀 − 2𝑁)𝑋2 +𝑀2 − 𝑇2 = 0 
which in turn can be treated as a polynomial equation of degree four in 
𝑋, with rational coefficients 1, 0, 2(𝑀 − 2𝑁),   0, 𝑀2 − 𝑇2 and roots 
±√2𝑁 −𝑀 ±√𝐷𝑋, where 𝐷𝑋 = 4𝑁(𝑁 −𝑀) + 𝑇
2.  
Therefore, the rational solutions of [6] coincides with rational 
points on the algebraic curve 
[7]   𝑋 = ±√2𝑁 −𝑀 ±√𝐷𝑋 
and the necessary and sufficient condition for the existence of points of 
this type is that at least one of the two equation  
[8.1]   𝐿1
2 = 2𝑁 −𝑀 +√𝐷𝑋   
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[8.2]   𝐿2
2 = 2𝑁 −𝑀 −√𝐷𝑋 
is satisfied in rational numbers. But in turn [8.1]-[8.2]  have rational 
solutions if, and only if, the equation  𝐷𝑋 = 𝑆
2 has solutions of this type 
so that the [8.1]-[8.2] become 
[9.1]   𝐿1
2 = 2𝑁 −𝑀 + 𝑆   
[9.2]   𝐿2
2 = 2𝑁 −𝑀 − 𝑆 
and, from [7], we have respectively  
[10.1]   𝑋 = ±𝐿1, 
[10.2]   𝑋 = ±𝐿2 
Now, we rewrite the equation 𝐷𝑋 = 𝑆
2 as follows 
𝑆 + 𝑇
2𝑁
∙
𝑆 − 𝑇
2(𝑁 −𝑀)
= 1 
and obtain its (infinite) parametric solutions from the system 
{
 
 
𝑆 + 𝑇
2𝑁
=
𝑎
𝑏
 
 
𝑆 − 𝑇
2(𝑁 −𝑀)
=
𝑏
𝑎
 
where 𝑎, 𝑏 ∈ ℤ≠0 are coprime.  
Now rewrite  𝑆 and 𝑇 as a function of  𝑁 and 𝑀  
[11.1]  𝑆 =
𝑎2+𝑏2
𝑎𝑏
𝑁 − 
𝑏
𝑎
𝑀 
[11.2]  𝑇 =
𝑎2−𝑏2
𝑎𝑏
𝑁 + 
𝑏
𝑎
𝑀 
and consider the following three distinct cases: 
𝐂𝐚𝐬𝐞 1)   𝑎 = 𝑏 ∈ ℤ≠0  ⟹
𝑎
𝑏
=
𝑏
𝑎
= 1 
 𝐂𝐚𝐬𝐞 2)  𝑎 = −𝑏 ∈ ℤ≠0  ⇒
𝑎
𝑏
=
𝑏
𝑎
= −1 
𝐂𝐚𝐬𝐞 3)  𝑎 ≠ ±𝑏 ∈ ℤ≠0 ⇒
𝑎
𝑏
≠ ±
𝑏
𝑎
,   
𝑎
𝑏
≠ ±1,   
𝑏
𝑎
≠ ±1.  
In the following, we show that in any case, at most, 𝜌(𝑚, 𝑛) = 4. Which 
demonstrates the IRT. 
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𝐂𝐚𝐬𝐞 1 (𝐚 = 𝐛)  
The [11.1] and [11.2] become respectively 
[12.1]   𝑆 = 2𝑁 −𝑀  
[12.2]   𝑇 = 𝑀 
so that [9.1] and [9.2] are reduced, respectively, to  
[13.1]   𝐿1
2 = 2(2𝑁 −𝑀)  ⇒ 𝑋 = ±𝐿1 
[13.2]   𝐿2
2 = 0 ⇒ 𝑋 = 0 
Excluding the singular case 𝑋 = 0 and setting in [13.1] 𝐿1 = 𝑙 ∈ ℚ≠0 and 
[14.1]  𝑁 = 𝑛 ∈ ℚ≠0, 
with  𝑛 ≠
𝑙2
2
 and  𝑛 ≠
𝑙2
4
  for excluding the trivial cases, we obtain the rational 
solution for 𝑀 and 𝑋 
[14.2] 𝑀 = 2𝑛 −
𝑙2
2
 
[14.3] 𝑋 = ±𝑙 
Therefore, the rational solutions for the cofactor of 𝑋 are 
[14.4] 
𝑀
𝑋
= ±(
2𝑛
𝑙
−
𝑙
2
) 
and the sums of factors of 𝑀 (and 𝑁) are 
[14.5] 𝑍 = ±(
2𝑛
𝑙
+
𝑙
2
)  
Finally, after replacing [12.2] in [5], we obtain the rational 
solutions for 𝑌 e his cofactor 
𝑁
𝑌
 
[14.6]   𝑌+ = ±
2𝑛
𝑙
,  
[14.7]   
𝑁
𝑌+
= ±
𝑙
2
 
and 
[14.8]   𝑌− = ±
𝑙
2
, 
[14.9]   
𝑁
𝑌−
= ±
2𝑛
𝑙
 
We note that 𝑌+ =
𝑁
𝑌−
   𝑌− =
𝑁
𝑌+
; therefore, the pair of solutions [14.6]- 
[14.7] is not essentially different from the pair [14.8]-[14.9], apart 
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from the fact that each factor of 𝑌 is switched with his cofactor13. Then 
we can arbitrarily choose the pair [14.6]-[14.7]. 
Therefore, the equation [1] has the following non-trivial solutions  
𝑀 = 2𝑛 −
𝑙2
2
, 𝑁 = 𝑛,     𝑋 = ±𝑙,      𝑌 = ±
2𝑛
𝑙
, 
and the consequent solutions for the cofactors of 𝑋 and 𝑌  
𝑀
𝑋
= ±(
2𝑛
𝑙
−
𝑙
2
),      
𝑁
𝑌
= ±
𝑙
2
 
so that the sums of factors are 𝑍 = ±(
2𝑛
𝑙
+
𝑙
2
) and for each arbitrary choice 
(except for the above restrictions) of the parameters 𝑙 e  𝑛, the pairs of 
rational numbers represented by the [14.1] and [14.2] has two IR. 
 
𝐂𝐚𝐬𝐞 2 (𝐚 = −𝐛) 
The [11.1] and [11.2] become respectively 
[15.1]   𝑆 = −(2𝑁 −𝑀)  
[15.2]   𝑇 = −𝑀 
so that the [9.1] and [9.2] are reduced, respectively, to  
[16.1]   𝐿1
2 = 0  ⇒  𝑋 = 0  
[16.2]   𝐿2
2 = 2(2𝑁 −𝑀)   ⇒  𝑋 = ±𝐿2  
Excluding the singular case 𝑋 = 0 and setting in [16.2] 𝐿2 = 𝑙 ∈ ℚ≠0 and 
𝑁 = 𝑛 ∈ ℚ≠0 we obtain the same solutions as in 𝐂𝐚𝐬𝐞 1. 
 
𝐂𝐚𝐬𝐞 3 (𝐚 ≠ ±𝐛) 
The [9.1] and [9.2] become respectively  
[17.1]   𝐿1
2 =
𝑎+𝑏
𝑎
 (
𝑎+𝑏
𝑏
𝑁 −𝑀)  ⇒   𝑋 = ±𝐿1 
[17.2]   𝐿2
2 = −
𝑎−𝑏
𝑎
 (
𝑎−𝑏
𝑏
𝑁 +𝑀)   ⟹   𝑋 = ±𝐿2 
In this case, the necessary condition for having rational solutions 
for the variable 𝑋 is the existence of rational solutions alternatively: 
                                                          
13 Here if a rational number 𝑚 has the representation 𝑚 = 𝑎𝑏 then 𝑎 is, by definition,  the 
cofactor of 𝑏 and vice-versa. 
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- for both the equation [17.1]-[17.2] (𝐂𝐚𝐬𝐞 3.1), 
- only for the equation [17.1]  (𝐂𝐚𝐬𝐞 3.2)  
- only for the equation [17.2] (𝐂𝐚𝐬𝐞 3.3).  
Let's examine these three sub-cases separately.  
 
𝐂𝐚𝐬𝐞 3.1 
 
Solve the system [17.1]-[17.2] with respect to the variables 𝑀 and 
𝑁; after setting 𝐿1 = 𝑙1 ∈ ℚ≠0,   𝐿2 = 𝑙2 ∈ ℚ≠0, we obtain the solutions 
[18.1]   𝑀 = −½(
𝑎−𝑏
𝑎+𝑏
 𝑙1
2 +
𝑎+𝑏
𝑎−𝑏
𝑙2
2) 
[18.2]   𝑁 =
𝑏
2 
(
𝑙1
2
𝑎+𝑏
−
𝑙2
2
𝑎−𝑏
) 
From [7], we obtain the solutions for the variable 𝑋 
[18.3]   𝑋 = ±𝑙1  
[18.4]   𝑋 = ±𝑙2. 
Therefore, the solutions for the cofactor of 𝑋 corresponding to 𝑋 =
±𝑙1 are 
[18.5]   
𝑀
𝑋
= ∓
1
2𝑙1
(
𝑎−𝑏
𝑎+𝑏
 𝑙1
2 +
𝑎+𝑏
𝑎−𝑏
𝑙2
2) 
while those for the cofactor of 𝑋 corresponding to 𝑋 = ±𝑙2 are 
[18.6]   
𝑀
𝑋
= ∓
1
2𝑙2
(
𝑎−𝑏
𝑎+𝑏
 𝑙1
2 +
𝑎+𝑏
𝑎−𝑏
𝑙2
2) 
The sums of factors of 𝑀 (and  𝑁) corresponding to 𝑋 = ±𝑙1 are 
[18.7]  𝑍 = ±
(𝑎2−3𝑏2+2𝑎𝑏)𝑙1
2−(𝑎+𝑏)2𝑙2
2
2(𝑎2−𝑏2)𝑙1
 
while those corresponding to  𝑋 = ±𝑙2 are 
[18.8]  𝑍 = ±
(𝑎2−3𝑏2−2𝑎𝑏)𝑙2
2−(𝑎−𝑏)2𝑙1
2
2(𝑎2−𝑏2)𝑙2
 
From [11.2] and [18.1] we obtain 
𝑀 + 𝑇 = −
𝑎+𝑏
𝑎−𝑏
𝑙2
2   
𝑀 − 𝑇 = −
𝑎−𝑏
𝑎+𝑏
𝑙1
2  
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By replacing these last two expressions in [5] we obtain the rational 
solutions for  𝑌 and for the cofactor 
𝑁
𝑌
 corresponding to 𝑋 = ±𝑙1  
[18.9]    𝑌+ = ±
(𝑎−𝑏)𝑙1
2−(𝑎+𝑏)𝑙2
2
2(𝑎−𝑏)𝑙1
 
[18.10]   
𝑁
𝑌+
= ±
𝑏𝑙1
𝑎+𝑏
  
[18.11]   𝑌− = ±
𝑏𝑙1
𝑎+𝑏
 
[18.12]   
𝑁
𝑌−
= ±
(𝑎−𝑏)𝑙1
2−(𝑎+𝑏)𝑙2
2
2(𝑎−𝑏)𝑙1
 
and to 𝑋 = ±𝑙2 
[18.13]   𝑌+ = ∓
𝑏𝑙2
𝑎−𝑏
   
[18.14]   
𝑁
𝑌+
= ±
(𝑎+𝑏)𝑙2
2−(𝑎−𝑏)𝑙1
2
2(𝑎+𝑏)𝑙2
 
[18.15]   𝑌− = ±
(𝑎+𝑏)𝑙2
2−(𝑎−𝑏)𝑙1
2
2(𝑎+𝑏)𝑙2
  
[18.16]   
𝑁
𝑌−
= ∓
𝑏𝑙2
𝑎−𝑏
  
Again we note that 𝑌+ =
𝑁
𝑌−
  e 𝑌− =
𝑁
𝑌+
; therefore, the pair of solutions 
[18.9]-[18.10] corresponding to 𝑋 = ±𝑙1 is not essentially different from 
the pair [18.11]-[18.12], apart from the fact that each factor of 𝑌 is 
switched with his cofactor. Then we can arbitrarily choose the pair [18.9]-
[18.10]. The same property obviously holds for the solutions corresponding 
to  𝑋 = ±𝑙2, of which we choose the pair [18.13]-[18.14]. 
For excluding the trivial solutions, we set in addition (
𝑙1
𝑙2
)
2
≠ ±
𝑎+𝑏
𝑎−𝑏
.  
Now we have the following sub-cases that we examine separately: 
- 𝑙1 ≠ 𝑙2 ∈ ℚ≠0          (𝐶𝑎𝑠𝑒 3.1.1)  
- 𝑙1 = 𝑙2 = 𝑙 ∈ ℚ≠0   (𝐶𝑎𝑠𝑒 3.1.2) 
 
𝑪𝒂𝒔𝒆 3.1.1 (𝒂 ≠ ±𝒃, 𝒍1 ≠ 𝒍2) 
In this sub-case for each arbitrary choice (except for the above 
restrictions) of the parameters 𝑎, 𝑏, 𝑙1 e 𝑙2, the pairs of rational numbers 
represented by the [18.1] and [18.2] have four IR; the respective factors, 
in turn, can be represented by the formulas from [18.3] to [18.6] (for the 
factors of 𝑀) and the formulas [18.9]-[18.10] and [18.13]-[18.14] (for 
the factors of 𝑁).  
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𝐂𝐚𝐬𝐞 3.1.2 ((𝒂 ≠ ±𝒃, 𝒍1 = 𝒍2 = 𝒍) 
In this sub-case the [18.1] and [18.2] become respectively 
[19.1]   𝑀 = −
𝑎2+𝑏2
𝑎2−𝑏2
𝑙2 
[19.2]   𝑁 = −
𝑏2
𝑎2−𝑏2
𝑙2 
Thus, each pair of rational numbers representable by [19.1] and [19.2] 
has two IR, whose factors are 
[19.3]   𝑋 = ±𝑙 
[19.4]   
𝑀
𝑋
= ∓
𝑎2+𝑏2
𝑎2−𝑏2
𝑙 
[19.5]   𝑌 = ∓
𝑏
𝑎−𝑏
𝑙 
[19.6]   
𝑁
𝑌
= ±
𝑏
𝑎+𝑏
𝑙 
and the sums of factors of 𝑀 (and 𝑁) are 
[19.7]   𝑍 = ∓
2𝑏2
𝑎2−𝑏2
𝑙 
 
𝐂𝐚𝐬𝐞 3.2 
In [17.1] we set 𝐿1 = 𝑙 ∈ ℚ≠0 and 
[20.1]  𝑁 = 𝑛 ∈ ℚ≠0, 
with 𝑛 ≠
𝑎𝑏𝑙
(𝑎+𝑏)2
 for excluding the trivial solutions, and we obtain the 
rational solutions for 𝑀 and 𝑋 
[20.2]    𝑀 =
𝑎+𝑏
𝑏
𝑛 −
𝑎𝑙2
𝑎+𝑏
 
[20.3]    𝑋 = ±𝑙 
Therefore, the rational solutions for the cofactor of 𝑋 are 
[20.4]    
𝑀
𝑋
= ±(
𝑎+𝑏
𝑏𝑙
𝑛 −
𝑎𝑙
𝑎+𝑏
) 
and the sums of factors of 𝑀 (and 𝑁)are 
[20.5] 𝑍 = ±
𝑏2𝑙2+(𝑎+𝑏)2𝑛
𝑏𝑙(𝑎+𝑏)
 
From [11.2] and [20.2] we obtain 
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𝑀 + 𝑇 =
2(𝑎 + 𝑏)
𝑏
𝑛 − 𝑙2 
𝑀 − 𝑇 = −
𝑎 − 𝑏
𝑎 + 𝑏
𝑙2 
By replacing these last two expressions in [5] we obtain the pairs 
of rational solutions for  𝑌 and the cofactor 
𝑁
𝑌
 
[20.6]   𝑌+ = ±
𝑎+𝑏
𝑏𝑙
𝑛,  
[20.7]   
𝑁
𝑌+
= ±
𝑏𝑙
𝑎+𝑏
 
and 
[20.8]   𝑌− = ±
𝑏𝑙
𝑎+𝑏
, 
[20.9]   
𝑁
𝑌−
= ±
𝑎+𝑏
𝑏𝑙
𝑛 
Like before 𝑌+ =
𝑁
𝑌−
  and 𝑌− =
𝑁
𝑌+
; therefore the pair of solutions [20.6]-
[20.7] is not essentially different from the pair [20.8]-[20.9], apart 
from the fact that each factor of 𝑌 is switched with the respective 
cofactor. Then we can arbitrarily choose the pair [20.6]-[20.7]. 
Thus, the equation [1] has the following non-trivial solutions 
𝑀 =
𝑎+𝑏
𝑏
𝑛 −
𝑎𝑙2
𝑎+𝑏
, 𝑁 = 𝑛,  𝑋 = ±𝑙,  𝑌 = ±
𝑎+𝑏
𝑏𝑙
𝑛 
and the consequent solutions for the cofactors of 𝑋 e 𝑌 
𝑀
𝑋
=
𝑎+𝑏
𝑏𝑙
𝑛 −
𝑎𝑙
𝑎+𝑏
,      
𝑁
𝑌
= ±
𝑏𝑙
𝑎+𝑏
, 
so that, the sum of factors are 𝑍 = ±
𝑏2 𝑙2+(𝑎+𝑏)2𝑛
𝑏𝑙(𝑎+𝑏)
 and for each arbitrary choice 
(except for the above restrictions) of the parameters 𝑎, 𝑏, 𝑙 e  𝑛, the pairs 
of rational numbers represented by the [20.1] and [20.2] has two IR14. 
 
𝐂𝐚𝐬𝐞 3.3 
In [17.2] we set 𝐿2 = 𝑙 ∈ ℚ≠0 and 
[21.1]   𝑁 = 𝑛, 
                                                          
14 If we set 𝑎 = 𝑏 these formulas coincide with those of 𝐂𝐚𝐬𝐞 1. 
16 
 
Francesco Trimarchi, Rational points on elliptic curves and representations of rational numbers as the product of two rational 
factors, Milano, December 2018 
 
with 𝑛 ≠ − 
𝑎𝑏𝑙2
(𝑎−𝑏)2
 for excluding trivial solutions, and we obtain the rational 
solutions for 𝑀 and 𝑋 
[21.2]    𝑀 = −  (
𝑎−𝑏
𝑏
𝑛 +
𝑎𝑙2
𝑎−𝑏
) 
[21.3]    𝑋 = ±𝑙 
Therefore, the rational solutions for the cofactor of 𝑋 are 
[21.4]    
𝑀
𝑋
= ∓  (
𝑎−𝑏
𝑏𝑙
𝑛 +
𝑎𝑙
𝑎−𝑏
) 
and the sums of factors of 𝑀 (and 𝑁) are 
[21.5] 𝑍 = ∓
𝑏2𝑙2+(𝑎−𝑏)2𝑛
𝑏𝑙(𝑎−𝑏)
 
From [11.2] and [21.2] we obtain 
𝑀 + 𝑇 = −
𝑎 + 𝑏
𝑎 − 𝑏
𝑙2 
𝑀 − 𝑇 = −(
2(𝑎 − 𝑏)
𝑏
𝑛 + 𝑙2) 
By replacing these last two expressions in [5] we obtain the pairs 
of rational solutions for  𝑌 and the cofactor 
𝑁
𝑌
 
[21.6]   𝑌+ = ∓
𝑏𝑙
𝑎−𝑏
,  
[21.7]   
𝑁
𝑌+
= ∓
𝑎−𝑏
𝑏𝑙
𝑛 
and 
[21.8]   𝑌− = ∓
𝑎−𝑏
𝑏𝑙
𝑛, 
[21.9]   
𝑁
𝑌−
= ∓
𝑏𝑙
𝑎−𝑏
 
Like before, 𝑌+ =
𝑁
𝑌−
  and 𝑌− =
𝑁
𝑌+
; then the pair of solutions [21.6]-
[21.7] is not essentially different from the pair [21.8]-[21.9], apart 
from the fact that each factor of 𝑌 is switched with the respective 
cofactor. Then we can arbitrarily choose the pair [21.6]-[21.7]. 
Thus, the equation [2] has the following solutions 
𝑀 = −(
𝑎−𝑏
𝑏
𝑛 +
𝑎𝑙2
𝑎−𝑏
),   𝑁 = 𝑛,   𝑋 = ±𝑙,  𝑌 = ∓
𝑏𝑙
𝑎−𝑏
 
and the consequent solutions for the cofactor of 𝑋 and 𝑌 
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𝑀
𝑋
= ∓  (
𝑎−𝑏
𝑏𝑙
𝑛 +
𝑎𝑙
𝑎−𝑏
),  
𝑁
𝑌
= ∓
𝑎−𝑏
𝑏𝑙
𝑛 
so that the sums of factors are 𝑍 = ∓
𝑏2𝑙2+(𝑎−𝑏)2𝑛
𝑏𝑙(𝑎−𝑏)
 and, for each arbitrary 
choice (except for the above restrictions) of the parameters 𝑎, 𝑏, 𝑙 e  𝑛, the 
pairs of rational numbers represented by the [21.1] and [21.2] have two 
iso-additive representations15. 
* * * 
Since in all possible cases 𝜌(𝑚, 𝑛) ≤ 4 the IRT is proved16∎ 
 
§3 𝑅𝑎𝑡𝑖𝑜𝑛𝑎𝑙 𝑝𝑜𝑖𝑛𝑡𝑠 𝑜𝑛 𝑒𝑙𝑙𝑖𝑝𝑡𝑖𝑐 𝑐𝑢𝑟𝑣𝑒𝑠 𝑎𝑛𝑑 𝐼𝑅𝑇  
We consider the elliptic curve  
[1]  𝐸:   𝑊2 = 𝑈(𝑈 −𝑚)(𝑈 − 𝑛), 
where 𝑚 ≠ 𝑛 ∈ ℚ≠0,  and let 𝐸(ℚ)  the group of rational points on 𝐸. We 
prove the following: 
𝑇ℎ𝑒𝑜𝑟𝑒𝑚 1 (𝐼𝑠𝑜 − 𝑎𝑑𝑑𝑖𝑡𝑖𝑣𝑒 𝑅𝑎𝑡𝑖𝑜𝑛𝑎𝑙 𝑃𝑜𝑖𝑛𝑡𝑠 𝑇ℎ𝑒𝑜𝑟𝑒𝑚 − 𝐼𝑅𝑃𝑇) If there exist four non-
zero rational numbers 𝑚1,  𝑚2, 𝑛1 and 𝑛2 such that 𝑚1𝑚2 = 𝑚, 𝑛1𝑛2 = 𝑛, 𝑚1𝑚2 ≠
𝑛1𝑛2 and 𝑚1 +𝑚2 = 𝑛1 + 𝑛2, then the set 𝒫(𝑚, 𝑛) = {±𝑃𝑗, 𝑗 = 1,2,3,4} where 
 𝑃1 = (𝑚1𝑛1,   (𝑚2 − 𝑛1)𝑚1𝑛1),     −𝑃1 = (𝑚1𝑛1 ,   − (𝑚2 − 𝑛1)𝑚1𝑛1)  
𝑃2 = (𝑚1𝑛2,   (𝑚1 − 𝑛1)𝑚1𝑛2),     −𝑃3 = (𝑚1𝑛2 ,   − (𝑚1 − 𝑛1)𝑚1𝑛2) 
𝑃3 = (𝑚2𝑛1,   (𝑚1 − 𝑛1)𝑚2𝑛1),     −𝑃3 = (𝑚2𝑛1 ,   − (𝑚1 − 𝑛1)𝑚2𝑛1) 
𝑃4 = (𝑚2𝑛2,   (𝑚2 − 𝑛1)𝑚2𝑛2),     −𝑃4 = (𝑚2𝑛2 ,   − (𝑚2 − 𝑛1)𝑚2𝑛1) 
is a sub-set of 𝐸(ℚ).  
Proof. The statement follows immediately from the definition of these 
points (replace their coordinates in the equation [1] and check the 
result). 
Anyway, we give an equivalent proof that relates the set         
𝓅(𝑚, 𝑛) = {±𝑝𝑗,   𝑗 = 1,2,3,4} as defined in Ch. 2 to 𝐸(ℚ).  
                                                          
15 Also in this case if we set 𝑎 = 𝑏 these formulas coincide with those of 𝐂𝐚𝐬𝐞 1. 
 
16 As we showed in note 10, when 𝜌(𝑚, 𝑛) = 2  we can rewrite all these solutions in the form 
𝑚 = 𝑡2 − 𝑟2  and 𝑛 = 𝑡2 − 𝑠2 so that 𝑚1 = ±(𝑡 + 𝑟), 𝑚2 = ±(𝑡 − 𝑟), 𝑛1 = ±(𝑡 + 𝑠) and 𝑛2 = ±(𝑡 − 𝑠). When 
𝜌(𝑚, 𝑛) = 4, in addition we have 𝑚 = 𝑡′2 − 𝑟′2  and 𝑛 = 𝑡′2 − 𝑠′2 so that 𝑚1 = ±(𝑡′ + 𝑟′), 𝑚2 = ±(𝑡′ − 𝑟′),
𝑛1 = ±(𝑡′ + 𝑠′) and 𝑛2 = ±(𝑡′ − 𝑠′). 
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After some manipulation17 the equation 𝑋 +
𝑚
𝑋
= 𝑌 +
𝑚
𝑌
 become 
[2]   𝑊2 = 𝑈(𝑈 −𝑚)(𝑈 − 𝑛) 
where 𝑈 = 𝑋𝑌 and 𝑊 = (
𝑛
𝑌
− 𝑋)𝑋𝑌, or equivalently (
𝑚
𝑋
− 𝑌)𝑋𝑌 → 𝑊. 
Therefore, by the transformation  𝑋𝑌 ⟶ 𝑈 and  (
𝑚
𝑋
− 𝑌)𝑋𝑌 → 𝑊, to the 
solution 𝑝1 = ( 𝑥,   𝑦) of the equation 𝑋 +
𝑚
𝑋
= 𝑌 +
𝑚
𝑌
, where 𝑥 ≠ 𝑦 ∈ ℚ≠0, 
corresponds on the elliptic curve  𝑊2 = 𝑈(𝑈 −𝑚)(𝑈 − 𝑛) the rational point 
𝑃1 = (𝑢1, 𝑤1), where 𝑢1 = 𝑥𝑦 and 𝑤1 = (
𝑚
𝑥
− 𝑦)𝑥𝑦.  
On the other hand, in Ch. 2 we have seen that not only 𝑝1 but any 
element of the set 𝓅(𝑚, 𝑛) = {±𝑝𝑗,   𝑗 = 1,2,3,4}, generated from 𝑝1 by switching 
factors and changing sign, satisfies the equation 𝑋 +
𝑚
𝑋
= 𝑌 +
𝑛
𝑌
 so that to 
any solution ±𝑝𝑗 ∈ 𝓅(𝑚, 𝑛) of this equation corresponds on 𝐸 a rational 
point, whose coordinates are given by the transformation  𝑋𝑌 ⟶ 𝑈 and  
(
𝑚
𝑋
− 𝑌)𝑋𝑌 → 𝑊, or equivalently (
𝑛
𝑌
− 𝑋)𝑋𝑌 → 𝑊. 
Therefore, this transformation defines a map from the set 𝓅(𝑚, 𝑛) and 
a set, say 𝒫(𝑚, 𝑛) ⊆ 𝐸(ℚ) whose elements are 
𝑃1 = (𝑥𝑦,     (
𝑚
𝑥
− 𝑦) 𝑥𝑦) 
𝑃2 = (𝑥
𝑛
𝑦
,     (𝑥 − 𝑦)𝑥
𝑛
𝑦
) 
𝑃3 = (
𝑚
𝑥
𝑦,     (𝑥 − 𝑦)
𝑚
𝑥
𝑦) 
𝑃4 = (
𝑚
𝑥
𝑛
𝑦
,     (
𝑚
𝑥
− 𝑦)
𝑚
𝑥
𝑛
𝑦
) 
and their opposite -𝑃𝑗, 𝑗 = 1,2,3,4. 
For homogenize the symbolism let  𝑥 = 𝑚1,
𝑚
𝑥
= 𝑚2, 𝑦 = 𝑛1  and 
𝑛
𝑦
= 𝑛2 so that 
we obtain the same formulas of the statement∎ 
 As we have seen in Ch. 2, for given 𝑚 and 𝑛 when  𝜌(𝑚, 𝑛) = 2 the only  
rational solutions of the equation 𝑋 +
𝑚
𝑋
= 𝑌 +
𝑛
𝑌
 are the elements of 𝓅(𝑚, 𝑛) 
so that Γ(𝑚, 𝑛) = 𝓅(𝑚, 𝑛);  when 𝜌(𝑚, 𝑛) = 4 Γ(𝑚, 𝑛) = 𝓅(𝑚, 𝑛) ∪ 𝓆(𝑚, 𝑛), where the set 
                                                          
17 In Introduction we showed  that the equation 𝑋 +
𝑚
𝑋
= 𝑌 +
𝑛
𝑌
 is equivalent to 
𝑋
𝑌
=
𝑋𝑌−𝑚
𝑋𝑌−𝑛
; (see 
note ); then,  if we multiply each side for 𝑋𝑌(𝑋𝑌 − 𝑛)2 we easily obtain the equation 
[(
𝑚
𝑋
− 𝑌)𝑋𝑌]
2
= 𝑋𝑌(𝑋𝑌 −𝑚)(𝑋𝑌 − 𝑛); finally, by setting 𝑈 = 𝑋𝑌 and 𝑊 = (
𝑚
𝑋
− 𝑌)𝑋𝑌 , or equivalently 
𝑊 = (
𝑛
𝑌
− 𝑋)𝑋𝑌, we obtain the equation 𝑊2 = 𝑈(𝑈 − 𝑚)(𝑈 − 𝑛). 
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𝓆(𝑚, 𝑛) = {±𝑞𝑗,   𝑗 = 1,2,3,4} has already been defined in Ch. 2; this define a 
second map 𝓆(𝑚, 𝑛) → 𝒬(𝑚, 𝑛) ⊆ 𝐸(ℚ) and the points of 𝒬(𝑚, 𝑛) are 
𝑄1 = (𝑥′𝑦′,     (
𝑚
𝑥′
− 𝑦′)𝑥′𝑦′)  
𝑄2 = (𝑥′
𝑛
𝑦′
,     (𝑥′ − 𝑦′)𝑥′
𝑛
𝑦′
  ) 
𝑄3 = (
𝑚
𝑥′
𝑦′,   (𝑥′ − 𝑦′)
𝑚
𝑥′
𝑦′) 
𝑄4 = (
𝑚
𝑥′
𝑛
𝑦′
,   (
𝑚
𝑥′
− 𝑦′)
𝑚
𝑥′
𝑛
𝑦′
) 
and their opposite -𝑄𝑗 , 𝑗 = 1,2,3,4. 
Now we show the main properties of elliptic curves of this type when 
𝜌(𝑚, 𝑛) = 2. 
Let 𝒯 = (0,0),   ℳ = (𝑚, 0) and 𝒩 = (𝑛, 0)  the points of order two and 𝒪 the 
point at infinity. We use the symbol “+” for the addition of points on 
𝐸(ℚ) and the expression  [𝑘]𝑃 for the addition 𝑘-times of the same point 
𝑃 ∈ 𝐸(ℚ); moreover, given three points on 𝐸(ℚ) such that 𝑃 + 𝑄 = 𝑅 (i.e. 𝑃, 𝑄 
and −𝑅 are collinear), let  𝜆 and  𝜈  respectively the slope and the 
intercept of the straight line 𝑤 = 𝜈 + 𝜆𝑢 which intersects 𝐸 in 𝑃, 𝑄 and −𝑅. 
Moreover, points of order two satisfy the obvious identities 𝒯 = −𝒯, ℳ =
−ℳ and  𝒩 = −𝒩, as well the identity  𝒯 +ℳ +𝒩 = 𝒪 (the sum of any two 
points of order two gives the third, because they are collinear, and the 
straight line passing through them coincides with the 𝑈-axis). 
 Preliminary, we prove two Lemmas concerning the sub-set 𝒫(𝑚, 𝑛) ∪ {𝒯,   ℳ, 
𝒩, 𝒪} which are useful for simplifying the proof of some proposition about 
the points of finite order on the curve 𝑊2 = 𝑈(𝑈 −𝑚)(𝑈 − 𝑛),   where 𝑚 ≠ 𝑛 ∈
ℚ≠0 and (𝑚, 𝑛) have two IR.  
Obviously, the same properties stated in the following Lemmas hold 
when roots of the cubic have four IR and 𝐸(ℚ) contains also the sub-set 
𝒬(𝑚, 𝑛).  
𝐿𝑒𝑚𝑚𝑎 1 (𝑎𝑑𝑑𝑖𝑡𝑖𝑜𝑛). The points of 𝒫(𝑚, 𝑛) ∪ {𝒯,   ℳ, 𝒩, 𝒪} satisfy the following 
identities (in bracket the coefficients of the straight line passing 
through the three points involved): 
𝑃1 + 𝑃4 =  𝒯,         (𝜆 =
𝑚
𝑥
− 𝑦,    𝜈 = 0), 
𝑃2 + 𝑃3 =  𝒯,          (𝜆 = 𝑥 − 𝑦,     𝜈 = 0) , 
𝑃1 + 𝑃3 =  ℳ,        (𝜆 = −𝑦,         𝜈 = 𝑦
𝑚
𝑥
) , 
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𝑃2 + 𝑃4 =  ℳ,        (𝜆 =
𝑚
𝑥
− 𝑦,     𝜈 = −
𝑚𝑛
𝑦
) , 
𝑃1 − 𝑃2 =  𝒩,         (𝜆 = −𝑥,           𝜈 = 𝑥
𝑛
𝑦
) , 
𝑃3 − 𝑃4 =  𝒩,         (𝜆 = −
𝑚
𝑥
,         𝜈 = −
𝑚𝑛
𝑥
)   
Proof. We get these identities by applying the well-known formulas for the 
sum of two rational points on elliptic curves18∎ 
𝐿𝑒𝑚𝑚𝑎 2 (𝑑𝑢𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛)   
[2]𝑃𝑗 = ((
𝑧
2
)
2
,    𝑡𝑗
𝑧
2
(
𝑧
2
− 𝑥) (
𝑧
2
− 𝑦)) , 𝑡𝑗 = {
  −1,    𝑗 = 1,2
      1,    𝑗 = 3,4
 
where 𝑧 = 𝑥 +
𝑚
𝑥
(= 𝑦 +
𝑛
𝑦
) and 𝑥 ≠ 𝑦 ∈ ℚ≠0. 
Proof. Let 𝑈(𝑃𝑗) = 𝑈(−𝑃𝑗), 𝑗 = 1,2,3,4  the 𝑈 −coordinates of each point of 𝒫(ℚ); 
preliminary, note that ∑ 𝑈(𝑃𝑗) =
4
𝑗=1 𝑧
2  and consequently 
(
𝑧
2
)
2
[(
𝑧
2
)
2
−𝑚] [(
𝑧
2
)
2
− 𝑛] = [
𝑧
2
(
𝑧
2
− 𝑥) (
𝑧
2
− 𝑦)]
2
 
Therefore, the points 𝑃 = {(
𝑧
2
)
2
,    
𝑧
2
(
𝑧
2
− 𝑥) (
𝑧
2
− 𝑦)} and −𝑃 belong to 𝐸(ℚ). 
On the other hand, applying duplication formula19 for any point 𝑃𝑗 =
(𝑢𝑗, 𝑤𝑗) ∈ 𝒫(ℚ),we have 𝑈([2]𝑃𝑗) =  (
𝑢𝑗
2−𝑚𝑛
2𝑤𝑗
)
2
= 𝑈(𝑃)   and consequently the 𝑊 −coor-
dinates of [2]𝑃𝑗  are 𝑊([2]𝑃𝑗) = 𝑡𝑗𝑊(𝑃), where 𝑡 = {
  −1,    𝑗 = 1,2
      1,    𝑗 = 3,4
 
This complete the proof ∎ 
 From 𝐿𝑒𝑚𝑚𝑎 1 we obtain the three following corollaries: 
𝐶𝑜𝑟𝑜𝑙𝑙𝑎𝑟𝑦 1 .  Given a fixed point of 𝒫(𝑚, 𝑛), any point of  𝒫(𝑚, 𝑛) can be 
represented as the sum of this fixed point, or its opposite, and a suitable 
point of order two, or the point at infinity, in this way: 
𝐹𝑖𝑥𝑒𝑑 𝑝𝑜𝑖𝑛𝑡                                                     𝑅𝑒𝑝𝑟𝑒𝑠𝑒𝑛𝑡𝑎𝑡𝑖𝑜𝑛𝑠 𝑜𝑓 𝑃𝑗    
          𝑃1     𝑃1 = 𝑃1 + 𝒪,       𝑃2 = 𝑃1 +𝒩,    𝑃3 = −𝑃1 +ℳ,  𝑃4 = −𝑃1 +  𝒯 
          𝑃2         𝑃1 = 𝑃2 +𝒩,    𝑃2 = 𝑃2 + 𝒪,     𝑃3 = −𝑃2 + 𝒯,   𝑃4 = −𝑃2 +  ℳ 
         𝑃3          𝑃1 = −𝑃3 +ℳ,   𝑃2 = −𝑃3 + 𝒯,   𝑃3 = 𝑃3 +𝒪,    𝑃4 = 𝑃3 +  𝒩 
                                                          
18 J.H. Silverman-J. T. Tate, pp. 23-26. 
19 J.H. Silverman-J. T. Tate, pp. 26-27. 
21 
 
Francesco Trimarchi, Rational points on elliptic curves and representations of rational numbers as the product of two rational 
factors, Milano, December 2018 
 
            𝑃4    𝑃1 = −𝑃4 + 𝒯,    𝑃2 = −𝑃4 +ℳ,  𝑃3 = 𝑃4 +𝒩,    𝑃4 = 𝑃4 + 𝒪 
Proof. These identities follow immediately from the six identities in 
𝐿𝑒𝑚𝑚𝑎 1  and the properties of the point at infinity (for simplicity we omit 
the obvious representations of −𝑃𝑗, 𝑗 = 1,2,3,4)∎ 
𝐶𝑜𝑟𝑜𝑙𝑙𝑎𝑟𝑦 2 . Let 𝑃1 a fixed point. The following identities holds20 
[2𝑘]𝑃1 = [2𝑘]𝑃2 = −[2𝑘]𝑃3 = −[2𝑘]𝑃4 
[2𝑘 + 1]𝑃1 = [2𝑘 + 1]𝑃1 + 𝒪,   
[2𝑘 + 1]𝑃2 = [2𝑘 + 1]𝑃1 +𝒩 
[2𝑘 + 1]𝑃3 = −[2𝑘 + 1]𝑃1 +ℳ 
[2𝑘 + 1]𝑃4 = −[2𝑘 + 1]𝑃1 +  𝒯 
Proof. The statement follows immediately adding 2𝑘-times (or 2𝑘 + 1-times) 
each member of the identities showed in first row of 𝐶𝑜𝑟𝑜𝑙𝑙𝑎𝑟𝑦 1  and from the 
fact that the addition ℎ-times of a point of order two gives the point 
itself, if ℎ = 2𝑘 + 1,or the point at infinity, if ℎ = 2𝑘 ∎ 
𝐶𝑜𝑟𝑜𝑙𝑙𝑎𝑟𝑦 3 . The following identities holds 
𝑃1 + 𝑃2 = 𝒩 + [2]𝑃1 
𝑃3 + 𝑃4 = 𝒩 − [2]𝑃1 
𝑃1 − 𝑃3 =ℳ + [2]𝑃1 
𝑃2 − 𝑃4 =ℳ + [2]𝑃1 
𝑃1 − 𝑃4 = 𝒯 + [2]𝑃1 
𝑃2 − 𝑃3 = 𝒯 + [2]𝑃1 
Proof. We obtain these identities from 𝐶𝑜𝑟𝑜𝑙𝑙𝑎𝑟𝑦 1 and the property  
[2]𝑃1 = [2]𝑃2 = −[2]𝑃3 = −[2]𝑃4 which is a special case of the property  
[2𝑘]𝑃1 = [2𝑘]𝑃2 = −[2𝑘]𝑃3 = −[2𝑘]𝑃4 proved in 𝐶𝑜𝑟𝑜𝑙𝑙𝑎𝑟𝑦 2 ∎  
The six identities in 𝐿𝑒𝑚𝑚𝑎 1, together the six in 𝐶𝑜𝑟𝑜𝑙𝑙𝑎𝑟𝑦 3  and the 
properties of {𝒯,   ℳ, 𝒩, 𝒪}, give  the addition of any pair of points of the 
set 𝒫(𝑚, 𝑛) ∪ {𝒯,   ℳ, 𝒩, 𝒪}.  
While any addition defined by first six identities gives a third 
point which still belongs to 𝒫(𝑚, 𝑛) ∪ {𝒯,   ℳ, 𝒩, 𝒪}, this could not be the 
case for the additions defined by the remaining six identities, where the 
                                                          
20 It’s easy to obtain similar identities if the fixed point is 𝑃2, 𝑃3 or 𝑃4, as in 𝐶𝑜𝑟𝑜𝑙𝑙𝑎𝑟𝑦 1. 
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third point is the sum of a fixed point ([2]𝑃1 or its opposite) and a 
suitable point of order two. 
However, under some conditions also the additions defined by the 
remaining six identities give a point of 𝒫(𝑚 𝑛) ∪ {𝒯,   ℳ, 𝒩, 𝒪}; when it 
happens, this set is close under addition and consequently it is a group.  
We find some of these conditions showing what happens when each point  
𝒩 +2𝑃1 ,   𝒩 − 2𝑃1,  ℳ+2𝑃1,  𝒯 + 2𝑃1 
coincide with a point of the set {𝒯,   ℳ, 𝒩,𝒪 } which ensures the closure 
under addition of the set  𝒫(𝑚, 𝑛) ∪ {𝒯,   ℳ, 𝒩, 𝒪}. 
This is a very interesting case, although a complete assessment of 
these conditions should require verifying what happens also when each of 
these points coincide whit a point of 𝒫(𝑚, 𝑛). Here we prove the following 
𝑇ℎ𝑒𝑜𝑟𝑒𝑚 2. If one of the following identities holds 
𝒩+ 2𝑃1 =ℳ,   𝒩 + 2𝑃1 = 𝒯,   𝒩 + 2𝑃1 = 𝒪 
then 
i) 𝒫(𝑚, 𝑛) ∪ {𝒯,   ℳ, 𝒩, 𝒪} is a group; 
ii) #𝒫(𝑚, 𝑛) = 4, i.e. the points of 𝒫(𝑚, 𝑛) coincide two-by-two; 
iii) any point of 𝒫(𝑚, 𝑛) has order four. 
Proof. Preliminary, note that if 𝒩 + 2𝑃1 = 𝒩 (so that also   𝒩 − 2𝑃1 = 𝒩) then 
[2]𝑃1 = 𝒪,  i.e 𝑃1 would be a point of order two, which contradicts our 
assumptions21.   
Then we start by setting 𝒩 + 2𝑃1 =ℳ so that also   𝒩 − 2𝑃1 =ℳ; this 
implies 2𝑃1 = 𝒯 and consequently ℳ+2𝑃1 = 𝒩 and 𝒯 + 2𝑃1 = 𝒪. Therefore, the 
identities of 𝐶𝑜𝑟𝑜𝑙𝑙𝑎𝑟𝑦 3 become 
𝑃1 + 𝑃2 =ℳ, 𝑃1 − 𝑃3 = 𝒩, 𝑃1 − 𝑃4 = 𝒪,   
𝑃3 + 𝑃4 =ℳ,         𝑃2 − 𝑃4 = 𝒩,         𝑃2 − 𝑃3 = 𝒪. 
and ensure the closure under addition of  𝒫(𝑚, 𝑛) ∪ {𝒯,   ℳ, 𝒩, 𝒪}. Moreover,  
𝑃4 = 𝑃1 and 𝑃3 = 𝑃2 so that 𝒫(𝑚, 𝑛) = {𝑃1, −𝑃1, 𝑃2, −𝑃2} and #𝒫(ℚ) = 4. 
 Finally, from the identity [2]𝑃1 = 𝒯 we get [3]𝑃1 = 𝒯 + 𝑃1 = −𝑃1 and [4]𝑃1 =
𝒪. Since 𝑃1,   [2]𝑃1 and [3]𝑃1 do not coincide with the point at infinity, 𝑃1 
                                                          
21 If [2]𝑃1 should coincide whith 𝒪 then 𝑃1 should be equal to its opposite. Provided that by 
assumption 𝑥 and 𝑦 must non-zero and distinct, 𝑃1 = −𝑃1  holds if and only if   
𝑚
𝑥
− 𝑦 =
𝑛
𝑦
− 𝑥 = 0 
or equivalently 𝑚 = 𝑛 = 𝑥𝑦, which contradicts the assumption that 𝑚 and  𝑛  are distinct. 
Consequently 𝑃1 cannot coincide with a point of order two (or less since obviously 𝑃1 can  
not be coincide with the point at infinity) 
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as well −𝑃1 are of order four; on the other hand, from 𝐶𝑜𝑟𝑜𝑙𝑙𝑎𝑟𝑦 2 [2]𝑃1 = [2]𝑃2 
therefore [2]𝑃2 = 𝒯, [3]𝑃2 = 𝒯 + 𝑃2 = −𝑃2 and [4]𝑃2 = 𝒪 so that also 𝑃2 as well 
−𝑃2  are of order four.   
Now we repeat the previous step setting either 𝒩 + [2]𝑃1 = 𝒯 or  𝒩+
[2]𝑃1 = 𝒪; at the end we obtain 
  𝒫(𝑚, 𝑛)      [2]𝑃1         𝐴𝑑𝑑𝑖𝑡𝑖𝑜𝑛𝑠 
𝒩 +2𝑃1 =ℳ   {𝑃1, −𝑃1, 𝑃2, −𝑃2}    𝒯     𝑃1 + 𝑃2 =ℳ,    𝑃1 − 𝑃2 = 𝒩 
𝒩 +2𝑃1 = 𝒯    {𝑃1, −𝑃1, 𝑃2, −𝑃2}         ℳ            𝑃1 + 𝑃2 = 𝒯,       𝑃1 − 𝑃2 = 𝒩 
𝒩 +2𝑃1 = 𝒪    {𝑃1, −𝑃1, 𝑃3, −𝑃3}         𝒩       𝑃1 + 𝑃3 =ℳ,  𝑃1 − 𝑃3 = 𝒯  
This complete the proof ∎ 
 Now, from 𝐿𝑒𝑚𝑚𝑎 2 (𝑑𝑢𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛) we obtain the explicit formulas for the 
parameters of the curve 𝑊2 = 𝑈(𝑈 −𝑚)(𝑈 − 𝑛) and the coordinates of each 
points of 𝒫(𝑚, 𝑛) ∪ {𝒯,   ℳ, 𝒩, 𝒪}, setting [2]𝑃1 alternatively equal to 𝒯 =
(0,0),   ℳ = (𝑚, 0)  or 𝒩 = (𝑛, 0) and remembering that: i)  𝑥 and 𝑦 must be non-
zero and distinct; ii) 𝑧 = 𝑥 +
𝑚
𝑥
(= 𝑦 +
𝑛
𝑦
). 
 
𝐂𝐚𝐬𝐞 𝟏: [2]𝑃1 = 𝒯 
 The equation {(
𝑧
2
)
2
,    
𝑧
2
(
𝑧
2
− 𝑥) (
𝑧
2
− 𝑦)} = (0, 0),  is satisfied when 𝑧 = 0, 𝑥 ≠
𝑧
2
 
and 𝑦 ≠
𝑧
2
 (both the last two inequalities are necessary because 𝑥 and 𝑦 
cannot be zero by assumption). Therefore, equating to zero the sum of 
factors of 𝑚 and 𝑛 we obtain the IR 𝑚 = −𝑥2 = 𝑥 ∙ (−𝑥) and 𝑛 = −𝑦2 = 𝑦 ∙ (−𝑦); 
consequently ℳ = (−𝑥2, 0) and 𝒩 = (−𝑦2, 0). This Case corresponds to the 
elliptic curve 𝑊2 = 𝑈(𝑈 + 𝑥2)(𝑈 + 𝑦2)  such that the non-zero roots of the 
cubic are the opposite of a square. 
From 𝑇ℎ𝑒𝑜𝑟𝑒𝑚 2 the points of 𝒫(𝑚, 𝑛) are 
𝑃1 = {𝑥𝑦,   − ( 𝑥 + 𝑦)𝑥𝑦} 
𝑃2 = {−𝑥𝑦,     ( 𝑥 + 𝑦)𝑥𝑦} 
and their opposite. 
 
𝐂𝐚𝐬𝐞 𝟐: [2]𝑃1 =ℳ 
 The equation {(
𝑧
2
)
2
,    
𝑧
2
(
𝑧
2
− 𝑥) (
𝑧
2
− 𝑦)} = (𝑚, 0) is satisfied when (
𝑧
2
)
2
= 𝑚  and 
𝑥 =
𝑧
2
 but 𝑦 ≠
𝑧
2
 or vice-versa (by assumption, 𝑥 and 𝑦 cannot be equal). Now 
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𝑥 =
𝑧
2
   implies 𝑧 = 2𝑥; by substituting 2𝑥 for 𝑧 in the equation 𝑧 = 𝑥 +
𝑚
𝑥
(= 𝑦 +
𝑛
𝑦
)  
we obtain 𝑚 = 𝑥2 and 𝑛 = 𝑥2 − (𝑥 − 𝑦)2 ; therefore, ℳ = (𝑥2, 0), 𝒩 = (𝑥2 − (𝑥 − 𝑦)2 ,
0)  and  (𝑚, 𝑛) have the IR 𝑚 = 𝑥 ∙ 𝑥 and 𝑛 = 𝑦 ∙ (2𝑥 − 𝑦) such that the sum of 
factors is 2𝑥.   This Case corresponds to the elliptic curve  𝑊2 =
𝑈(𝑈 − 𝑥2)(𝑈 − (𝑥2 − (𝑥 − 𝑦)2)) such that one of the non-zero roots of the cubic 
is a square while the other is the difference between the first root and 
some square. 
From 𝑇ℎ𝑒𝑜𝑟𝑒𝑚 1 the points of 𝒫(𝑚, 𝑛) are now 
𝑃1 = {𝑥𝑦,   ( 𝑥 − 𝑦)𝑥𝑦} 
𝑃2 = {𝑥(2𝑥 − 𝑦), ( 𝑥 − 𝑦)𝑥(2𝑥 − 𝑦)} 
and their opposite. 
If we set (
𝑧
2
)
2
= 𝑚 ,  as before, but 𝑦 =
𝑧
2
 and 𝑥 ≠
𝑧
2
 (instead of 𝑥 =
𝑧
2
 and 
𝑦 ≠
𝑧
2
),  we obtain the same results apart from a slight change of symbolism:  
𝑚 = 𝑦2 − (𝑥 − 𝑦)2 (instead of 𝑥2) and 𝑛 = 𝑦2  (instead of 𝑥2 − (𝑥 − 𝑦)2). The other 
changes of symbolism follow immediately. 
 
𝐂𝐚𝐬𝐞 𝟑: [2]𝑃1 = 𝒩 
The equation {(
𝑧
2
)
2
,    
𝑧
2
(
𝑧
2
− 𝑥) (
𝑧
2
− 𝑦)} = (𝑛, 0) is satisfied when (
𝑧
2
)
2
= 𝑛  and 𝑥 =
𝑧
2
 
but 𝑦 ≠
𝑧
2
 , or vice-versa, and this leads to the same results showed for 
the Case 2, apart from the consequent changes of symbolism. 
 These results are the basis for a complete assessment of the 
properties of the elliptic curves of the type 
𝑊2 = 𝑈(𝑈 − 𝑥2)(𝑈 − (𝑥2 − (𝑥 − 𝑦)2)) 
 Here two examples, already introduced in Ch. 1: 
1) Equation 𝑊2 = 𝑈(𝑈 − 1)(𝑈 + 3). We derive it from the equation above 
by setting 𝑥 = 1 and 𝑦 = 3 so that the two non-zero roots of the 
cubic become 𝑚 = 12 = 1 and 𝑛 = 12 − (1 − 3)2 = 12 − 22 = −3   have the two 
IR 𝑚 = 1 ∙ 1 = −1 ∙ (−1) and 𝑛 = −1 ∙ 3 = 1 ∙ (−3); the points of order two 
are 𝒯 = (0, 0), ℳ = (1, 0) and 𝒩 = (−3, 0) while the point of 𝒫(𝑚, 𝑛) are  
𝑃1 = {𝑥𝑦,   ( 𝑥 − 𝑦)𝑥𝑦} = (3,−6) 
𝑃2 = {𝑥(2𝑥 − 𝑦),   (𝑥 − 𝑦)𝑥(2𝑥 − 𝑦)} = (−1, 2) 
and their opposite, −𝑃1 = (3, 6)  and −𝑃2 = (−1,−2); moreover, [2]𝑃1 =
[2]𝑃2 =ℳ = (1, 0) so that [4]𝑃1 = [4]𝑃2 = 𝒪 ; therefore all points of 
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𝒫(𝑚, 𝑛) are of order four and 𝒫(𝑚, 𝑛) ∪ {𝒯,   ℳ, 𝒩, 𝒪} = 𝐸(ℚ). Note that 
#𝐸(ℚ) = 8 while the existence of four distinct square in arithmetic 
sequence would require an additional point on 𝐸(ℚ); this solves 
(negatively) the question of four square in arithmetic sequence. 
Moreover, the pair of non-zero roots (1, −3) is a solution, for the 
variables 𝑀 and 𝑁, of the equation 𝑋 +
𝑀
𝑋
= 𝑌 +
𝑁
𝑌
 (Ch. 2, p. 16) 
whose essentially different solutions, in parametric form, are 
𝑀 = −(
𝑎−𝑏
𝑏
𝑛 +
𝑎𝑙2
𝑎−𝑏
),   𝑁 = 𝑛,   𝑋 = ±𝑙,  𝑌 = ∓
𝑏𝑙
𝑎−𝑏
 
Therefore, the solutions for the cofactor of 𝑋 and 𝑌 are 
𝑀
𝑋
= ∓  (
𝑎−𝑏
𝑏𝑙
𝑛 +
𝑎𝑙
𝑎−𝑏
),  
𝑁
𝑌
= ∓
𝑎−𝑏
𝑏𝑙
𝑛 
while the sums of factors are  𝑍 = ∓
𝑏2𝑙2+(𝑎−𝑏)2𝑛
𝑏𝑙(𝑎−𝑏)
.  
These solutions depend on four parameters (𝑎, 𝑏, 𝑙, 𝑛) and if we set    
𝑎 = 2, 𝑏 = 3,   𝑙 = −1 and 𝑛 = −3 we exactly obtain 𝑚 = 1  as well the IR 
of 𝑚 and 𝑛  showed above. 
2) the special case of the Frey curve 𝑊2 = 𝑈(𝑈 − 𝑎2𝑘)(𝑈 + 𝑏2𝑘) under the 
assumption 𝑎2𝑘 + 𝑏2𝑘 = 𝑐2𝑘 for some integer  𝑎, 𝑏, 𝑐, 𝑘 > 0.  If it were 
true the two non-zero roots of the cubic,   𝑎2𝑘 and (as a consequence 
of our assumption) −𝑏2𝑘 = 𝑎2𝑘 − 𝑐2𝑘, would have the IR 𝑎2𝑘 = 𝑎𝑘 ∙ 𝑎𝑘 and 
−𝑏2𝑘 = (𝑎𝑘 + 𝑐𝑘) ∙ (𝑎𝑘 − 𝑐𝑘) such that the sum of factors is 2𝑎𝑘. There-
fore, also this curve would have four points of order four which, 
together 𝒯 = (0, 0), ℳ = (𝑎2𝑘 , 0),  𝒩 = (𝑎2𝑘 − 𝑐2𝑘, 0) and the point at in-
finity, form the group of rational points on the curve. It is 
well-known that this curve exists only for 𝑘 = 1 (Pytagorean case, 
see also Ch. 1, p. 2) because of Last Fermat Theorem22. Therefore, 
if we could prove – without using the theory of modular forms – 
that there is no elliptic curve of the type                  𝑊2 =
𝑈(𝑈 − 𝑎2𝑘)(𝑈 + 𝑏2𝑘) with the properties of 𝐸(ℚ) previously showed (re-
lated to IRT/IRPT), then the Last Fermat Theorem would be auto-
matically proved for the well-known case of even exponent. However, 
the approach based on IRT/IRPT could be the basis for an elementary 
proof of the relevant case (odd prime exponent). 
 
 
 
 
                                                          
22 Silverman-Tate, pp. 245-255. 
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